
Exercise 2 .

1

Show thatco is a closed subspace of C and c is a closed

subspace of to

cal Co is a closed subspace of c.
Proof : (i) By definition , Co is a subset of c.

(ii) For any
G
, BER , X , YECo,

fim (axis + Bysns) = &x(n) +ByAsk+0

= 2 . 0 + B . 0

= O

Thus
,
Ex+ By Co

Therefore , Co is a subspace of C.
(ii) For any XnECo(nE/N) and XEC . Suppose fillxn - x10 =0.
Fix 330. Then there exists NoEIN such that Il Xno-XIISE/2.

Since XnoECo
,
there exists NEI such that for any >N,

Mnok)/ < E/2
.

By Triangle Inequality , for any k > N,

(xck)) < /x(k) - Xnok)) + 1x nocks

↓ 11 Xno-XIIa + 1 knocks

-2/2 + 2/2

= E
.

Therefore , tim x(k) = 0.
k=0

Hence
,
Co is a closed subspace of c.



(b) C is a closed subspace of to

Proof : (2) Since any convergent sequence is bounded,

C is a subset of to

(ii) For any G
. BER and X

, YEC ,

tim (2x(R) +pycks) = Gmx(k) +Buyk=0

Thus
,
Ex + ByEC .

Therefore , c is a subspace of to.
(ii) For any XnEC (nt/N) and XEto

· Supposefillxn -x0 =0
Fix 330

.
Then there exists noEN such that Ilxo-Xllo/2.

Since KnotC
,
Li = Jim Moks exists on

Then there exists NEI such that for any R > N,

Knock) - L/ < E/2.

By Triangle Inequality , for any k >N,

(xck) - h) -> /x(k) - X nock)) + 1x nok) - L

/1 Xno- X110 + Knock) - L/

< 9/2 + El2

= E
.

Therefore
, finx(k) = L , which implies X.

Hence
,
c is a closed subspace of to

#



Exercise 2 .
6

Show that So is bounded on Co , 11 when equipped with the

11110-norm
,

but not when equipped with the 11 - 11
,
-norm.

(a) So is bounded on (Co , 11
,

11 · 11s).

Proof: For any fecto , 1)
,
180f) = Ifsos) =SupHix =l

Here
,
So is bounded on (Ct

, 11
,
11 · 110).

(b) So is not bounded on (CT0, 17 , 11 · 11
. ). x

n

Proof : Put fu =
-Exte

, OXI
,

(2)

is
E otherwise.

Then 11full= Could
=(2) x +n)dx
= 1

.

On the other hand
, Isoffull = Ifucos) = n+o as ne0.

Hence
,
So is not bounded on (CTO , 1

,

11 · 11
. ).

#



Exercise 2 .9

Prove that Co is not a Banach space in the 11 : / -norm.

Proof : Put xcK=*
Since In = 0

,
XEC

However
, 11x1I=**

= 0

Hence
,
111k is not a norm on Co.
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